Abstract. Conditions guaranteeing the uniform convergence to constant maps of random iterations of holomorphic contractions on unbounded domains in complex Banach spaces are established.
Introduction
The fundamental problem which arises in several areas of mathematics and applications is to understand the behaviour of high random iterations
, n ∈ N, where f, f n , n ∈ N, are self-maps of domains in some spaces (e.g. see [1] - [26] and references therein). Special cases of this type of iterations appear, for example, in fixed point theory, the theory of differential equations, functional equations, numerical analysis, perturbation theory, fractal geometry, computer graphics, population biology, etc.
It is a well-known problem to determine conditions guaranteeing the uniform convergence to constant maps of random iterations f 1 •f 2 •· · ·•f n , n ∈ N, where f n , n ∈ N, are holomorphic self-maps of domains in complex spaces. The solution of this problem is known for an important but special class of domains in finite-dimensional complex spaces C and C n and appeared in [1, 2, 8, 9, 10, 11, 15, 26] (see also references therein). The proofs in the papers cited above are crucially based on: the Riemann mapping theorem, the adaptation of Henrici's technique, the Wolff-Denjoy theorem, the properties of the modulus of equicontinuity of maps or the inequality
where K G is the Kobayashi distance of G, ω denotes the Poincaré distance on the unit disc in C and G ⊂ B(z, R) = {w ∈ C n : w − z < R}. However, the situation is quite different if random iterations are studied on unbounded domains contained in infinite-dimensional complex spaces and, in such a case, it remains an open question whether random iterations of holomorphic self-maps converge uniformly to constant maps. In the present paper we give conditions guaranteeing the uniform convergence to constant maps of random iterations of holomorphic selfmaps of domains in complex Banach spaces under a framework where the space is not assumed to be finite-dimensional or the domain to be bounded. Theorem 2.1 of this paper includes the fixed point theorem of C. J. Earle and R. S. Hamilton [6] and the result from W. J. Zhang and F. J. Ren [26, Theorem 2.1]. The methods of proving Theorem 2.1 differ from those given by the above-mentioned authors. For details, see Section 4.
Statement of result
The statement of the theorem requires a definition. Let E be a complex Banach space. Let G be a nonempty domain (an open and connected set) contained in E. We say that a set
We show 
(c) D is connected and contained in a compact subset of G.
Maps belonging to the family H G,D are called holomorphic contractions.
Proof of Theorem 2.1
Let {f n } be an arbitrary and fixed sequence from H G,D and let
Denote by H ∞ (G) the space of holomorphic maps g : G → C such that sup{|g(x)| : x ∈ G} < +∞. Then H ∞ (G) is a normed vector space with respect to the norm
We prove that the map ϕ :
Indeed, let x ∈ G be arbitrary and fixed and let B be a balanced neighborhood of zero of the form B = {v ∈ E : x+λv ∈ G, |λ| ≤ 1}. If v ∈ B, then x+{λv : |λ| ≤ 1} is a compact subset of G and hence there exists R > 1 such that
, where, for every positive integer m, by the Cauchy integral formula,
From the above we obtain |P m,
, where, by definition, g = sup{|g(y)| : y ∈ G} < +∞ and, consequently,
Thus ϕ is holomorphic and, moreover, the formula
and let ρ G be the integrated form of α G , i.e.
for all a, b ∈ G, where the infimum is taken over all curves γ : 0, 1 → G with piecewise continuous derivatives, such that γ(0) = a, γ(1) = b. The map ρ G is pseudometric on G. We call ρ G the Carathéodory-Reiffen-Finsler pseudometric on G. For details, see [6] and [14] .
We prove that if one of assumptions (a)-(c) holds, then
Indeed, in case (a), the set G is convex and D lies strictly inside G, and then co(D) (co stands for the convex hull operator) also lies strictly inside G, and
ε) and, for u ∈ co(D), by the Cauchy integral formula,
For any x, y ∈ co(D), there exists γ : 0, 1 → co(D) defined by the formula γ(t) = tx + (1 − t)y. By (3.3), we obtain
By our assumptions and the definition of ρ G , if
We prove that
Indeed, suppose that x, y ∈ G. By the Hahn-Banach theorem, there exists l ∈ E * such that
Let g n be the map defined by the formula
We may assume without loss of generality that 0 ∈ D to obtain
and, moreover,
From (3.12), using (3.9)-(3.11), we get (3.8) .
Let G, G 1 ⊂ E be domains and let k : G → E be a holomorphic map such that k(G) ⊂ G 1 . Then, by using (3.2) for the domains G and G 1 ,
and H ∞ (k) is linear continuous and H
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
RANDOM ITERATIONS OF HOLOMORPHIC MAPS 3479
commutes. Consequently,
Consequently, the map k n defined by the formula
where
Integrating (3.15) on both sides with respect to t ∈ 0, 1 , by (3.3) , we have
From (3.2) and (3.3) we get the estimate
for each piecewise C 1 -curve γ from x to y in G. Thus from (3.8) and (3.3) we get
Suppose that a ∈ G. For any n, m ∈ N and all b ∈ G, by (3.18), (3.16) and (3.4), since the class of holomorphic maps has the composition property, we obtain
Finally, from (3.20) and (3.4) it follows that, for b = a, the sequence {F n (a)} is a Cauchy sequence and since F n (a) + B(ε) ⊂ G, there exists w ∈ G such that {F n (a)} converges to w. Furthermore, inequalities (3.19) 
i.e. the sequence {F n } converges to w uniformly on G. 4.3. We derive a short proof of Theorem 2.1 in the special case when G is a nonempty bounded domain. In this case, there exists R > 0 such that, for any a ∈ G, we have G ⊂ B(a, R) = {x ∈ E; x − a < R}. Moreover, we get
Consequently, for all a, b ∈ G, we have
From (4.1) and (3.16) we obtain
Further reasoning is analogous. Theorem 2.1 includes the result from [26, Theorem 2.1].
4.4. One of the most celebrated theorems of the fixed point theory of holomorphic maps is the theorem of C. J. Earle and R. S. Hamilton [6] which states that each holomorphic map f : G → G, where G is a bounded domain in E and f (G) lies strictly inside G, has a unique fixed point w ∈ G, and f [n] (a) → w for any a ∈ G. Their result depends on the fact that diam(G) < +∞ and one can define a metric on G so that if f maps G into G and is holomorphic, then f is nonexpansive, and if f maps G strictly inside G, then f is a strict contraction in this metric. Theorem 2.1 includes the Earle-Hamilton fixed point theorem [6] . Indeed, maintaining the notation of the previous sections, suppose G ⊂ E to be a bounded or unbounded domain, f : G → G holomorphic and f (G) bounded and lying strictly inside G. If b = f (a), then from (3.19) it follows that
Consequently, {w n }, w n = f [n] (a), n ∈ N, is a Cauchy sequence and thus converges to some w ∈ G. Since w n = f (w n−1 ), therefore, by the continuity of f , we obtain f (w) = w. If w ∈ G and f (w ) = w , then, by (3.16), we have ρ G (w, w ) = ρ G (f (w), f(w )) ≤ λ · ρ G (w, w ), which implies ρ G (w, w ) = 0. Furthermore, from (3.18) we then get w − w = f (w) − f (w ) ≤ diam(f (G)) · ρ G (w, w ) = 0. Thus w = w . 4.5. More recent important results in fixed point theory, concerning the DenjoyWolff Theorem, are established by C.-H. Chu and P. Mellon [3] , S. Reich and D. Shoikhet [17] and R. C. Sine [18] .
